Abstract. We study rays in von Mangoldt planes, which has applications to the structure of open complete manifolds with lower radial curvature bounds. We prove that the set of souls of any rotationally symmetric plane of nonnegative curvature is a closed ball, and if the plane is von Mangoldt we compute the radius of the ball. We show that each cone in R 3 can be smoothed to a von Mangoldt plane.
Introduction
Let M m denote R 2 equipped with a smooth, complete, rotationally symmetric Riemannian metric given in polar coordinates as g m := dr 2 + m 2 (r)dθ 2 ; let o denote the origin in R 2 . We say that M m is a von Mangoldt plane if its sectional curvature G m := − m ′′ m is a non-increasing function of r . The Toponogov comparison theorem was extended in [IMS03] to open complete manifolds with radial sectional curvature bounded below by the curvature of a von Mangoldt plane, leading to various applications in [ST02, KO07, KT] and generalizations in [MS06, KT10, Mac10] . A point q in a Riemannian manifold is called a critical point of infinity if each unit tangent vector at q makes angle ≤ π 2 with a ray that starts at q . Let C m denote the set of critical points of infinity of M m ; clearly C m is a closed, rotationally symmetric subset that contains every pole of M m , so that o ∈ C m . One reason for studying C m is the following consequence of the generalized Toponogov theorem of [IMS03] . with boundary, and the homeomorphism mapsr −1 (c) onto the boundary;
• if K ⊂M is a compact smooth submanifold, possibly with boundary, such thatr(K) ⊃ r(C m ), thenM is diffeomorphic to the normal bundle of K .
If M m is von Mangoldt and G m (0) ≤ 0, then G m ≤ 0 everywhere, so every point is a pole and hence C m = M m so that Lemma 1.1 yields no information about the critical points ofr . Of course, there are other ways to get this information as illustrated by classical Gromov's estimate: if M m is the standard R 2 , then the set of critical points ofr is compact; see e.g. [Gre97, page 109].
The following theorem determines C m when G m ≥ 0 everywhere; note that the plane M m in (i)-(iii) need not be von Mangoldt. • if M m is von Mangoldt, then R p is a unique solution of an explicit integral equation [Tan92a, Theorem 2.1].
It is natural to wonder when the set of poles equals C m , and we answer the question when M m is von Mangoldt. Recall that the soul construction takes as input a basepoint in an open complete manifold N of nonnegative sectional curvature and produces a compact totally convex submanifold S without boundary, called a soul, such that N is diffeomorphic to the normal bundle to S . Thus if N is contractible, as happens for M m , then S is a point. The soul construction also gives a continuous family of compact totally convex subsets that starts with S and ends with N , and according to [Men97, Proposition 3.7] q ∈ N is a critical point of infinity if and only if there is a soul construction such that the associated continuous family of totally convex sets drops in dimension at q . In particular, any point of S is a critical point of infinity, which can also be seen directly; see the proof of [Mae75, Lemma 1]. In Theorem 1.7 we prove conversely that every point of C m is a soul; for this M m need not be von Mangoldt.
In regard to part (iii) of Theorem 1.3, it is worth mentioning G m ≥ 0 implies that m ′ is non-increasing, so m ′ (∞) exists, and moreover, m ′ (∞) ∈ [0, 1] because m ≥ 0. As we note in Remark A.5 for any von Mangoldt plane A property of von Mangoldt planes, discovered in [Ele80, Tan92b] and crucial to this paper, is that the cut locus of any q ∈ M m -{o} is a ray that lies on the meridian opposite q . (If M m is not von Mangoldt, its cut locus is not fully understood, but it definitely can be disconnected [Tan92a, page 266] , and known examples of cut loci of compact surfaces of revolution [GS79, ST06] suggest that it could be complicated).
As we note in Lemma 3.14, if M m is a von Mangoldt plane, and if q = o, then q ∈ C m if and only if the geodesic tangent to the parallel through q is a ray. Combined with Clairaut's relation this gives the following "choking" obstruction for a point q to belong to C m (see Lemma 3.3): Proposition 1.8. If M m is von Mangoldt and q ∈ C m , then m ′ (r q ) > 0 and m(r) > m(r q ) for r > r q , where r q is the r -coordinate of q .
The above proposition is immediate from Lemmas 3.3 and 3.14. We also show in Lemma 3.10 that if M m is von Mangoldt and C m = o, then there is ρ such that m(r) is increasing and unbounded on [ρ, ∞). In Example 6.1 we construct a von Mangoldt plane M m to which part (2) of Theorem 1.9 applies. In Example 6.2 we produce a von Mangoldt plane M m such that neither A m nor C m is connected while m ′ > 0 everywhere. We do not know whether there is a von Mangoldt plane such that C m has more than two connected components.
Because of Lemma 1.1 and Corollary 1.2, one is interested in subintervals of (0, ∞) that are disjoint from r(C m ), as e.g. happens for any interval on which m ′ ≤ 0, or for the interval (R m , ∞) in Theorem 1.3. To this end we prove the following result, which is a consequence of Theorem 6.3. Theorem 1.10. Let M n be a von Mangoldt plane with G n ≥ 0, n(∞) = ∞, and such that n ′ (x) < 1 2 for some x. Then for any z > x there exists y > z such that if M m is a von Mangoldt plane with n = m on [0, y], then r(C m ) and [x, z] are disjoint.
In general, if M m , M n are von Mangoldt planes with n = m on [0, y], then the sets C m , C n could be quite different. For instance, if M n is a paraboloid, then C n = {o}, but by Example 6.2 for any y > 0 there is a von Mangoldt M m with some negative curvature such that m = n on [0, y], and by Theorem 1.9 the set M m -C m is bounded and C m contains the ball of poles of positive radius.
Basic properties of von Mangoldt planes are described in Appendix A, in particular, in order to construct a von Mangoldt plane with prescribed G m it suffices to check that 0 is the only zero of the solution of the Jacobi initial value problem (A. Thus each cone in R 3 can be smoothed to a von Mangoldt plane, but we do not know how to construct a (smooth) capped cylinder that is von Mangoldt.
Structure of the paper. We collect notations and conventions in Section 2. Properties of von Mangoldt planes are reviewed in Appendix A, while Appendix B contains a calculus lemma relevant to continuity and smoothness of the turn angle. Section 3 contains various results on rays in von Mangoldt planes, including the proof of Theorem 1.6 and Proposition 1.8. Planes of nonnegative curvature are discussed in Section 4, where Theorems 1.3 and 1.7 are proved. A proof of Theorem 1.11 is in Section 5, and the other results stated in the introduction are proved in Section 6.
We refer to τ q | (rq,∞) as the meridian opposite q ; note that τ q (r q ) = o. Also set κ γ(s) := ∠(γ(s), ∂ r ).
We writeṙ ,θ ,γ ,κ for the derivatives of r γ(s) , θ γ(s) , γ(s), κ γ(s) by s, and write m ′ for dm dr ; similar notations are used for higher derivatives. Letκ(r q ) denote the maximum of the angles formed by µ q and rays emanating from q = o; let ξ q denote the ray with ξ q (0) = q for which the maximum is attained, i.e. such that κ ξq(0) =κ(r q ).
A geodesic γ in M m -{o} is called counterclockwise ifθ > 0 and clockwise iḟ θ < 0. A geodesic in M m is clockwise, counterclockwise, or can be extended to a geodesic through o. If γ is clockwise, then it can be mapped to a counterclockwise geodesic by an isometric involution of M m .
Convention: unless stated otherwise, any geodesic in M m that we consider is either tangent to a meridian or counterclockwise.
Due to this convention the Clairaut constant and the turn angle defined below are nonnegative, which will simplify notations.
Turn angle and rays in M m
This section collects what we know about rays in M m with emphasis on the cases when G m ≥ 0 or G ′ m ≤ 0. Let γ be a geodesic in M m that does not pass through o, so that γ is a solution of the geodesic equations A geodesic is called escaping if its image is unbounded, e.g. any ray is escaping. Proof. Since γ q is escaping, the image of s → r γq (s) contains [r q , ∞), and q is the only point where γ q is tangent to a parallel. The Clairaut constant of γ q is c = m(r q ), hence m(r) > m(r q ) for all r > r q . It follows that m ′ (r q ) ≥ 0. Finally, m ′ (r q ) = 0 else γ q would equal the parallel through q .
Lemma 3.4. If γ is escaping geodesic that is tangent to the parallel P q through q , then γ \ {q} lies in the unbounded component of M m \ P q .
Proof. By reflectional symmetry and uniqueness of geodesics, γ locally stays on the same side of the parallel P q through q , i.e. γ is the union of γ q and its image under the reflecting fixing µ q ∪ τ q . If γ could cross to the other side of P q at some point γ(s), then |r γ(s) − r q | would attain a maximum between γ(s) and q , and at the maximum point γ would be tangent to a parallel. Since γ is escaping, it cannot be tangent to parallels more than once, hence γ stays on the same side of P q at all times, and since γ is escaping, it stays in the unbounded component of M m \ P q .
For a geodesic γ : (s 1 , s 2 ) → M m that does not pass through o, we define the turn angle T γ of γ as
The Clairaut's relation readsθ = c/m 2 ≥ 0 so the above integral T γ converges to a number in [0, ∞]. Since γ is unit speed, we have (ṙ) 2 + m 2θ2 = 1.
Combining this withθ = c/m 2 givesṙ = sign(ṙ) 1 − c 2 m 2 , which yields a useful formula for the turn angle: if γ is not tangent to a meridian or a parallel on (s 1 , s 2 ), so that sign(ṙ γ(s) ) is a nonzero constant, then
and thus if
Since c 2 ≤ m 2 , this integral is finite except possibly when some r i is in the set {m −1 (c), ∞}. The integral (3.6) converges at r i = m −1 (c) if and only if m ′ (r i ) = 0. Convergence of (3.6) at r i = ∞ implies convergence of Proof. Note that γ is tangent to parallels in at most two points, for otherwise γ is invariant under a rotation about o, and hence its turn angle is infinite. Thus after cutting off a portion of γ we may assume it is never tangent to a parallel, so that r γ(s) is monotone. By assumption θ γ(s) is bounded and increasing. By Clairaut's relation m(r γ(s) ) is bounded below, so that m(0) = 0 implies that r γ(s) is bounded below. If γ were not escaping, then r γ(s) would also be bounded above, so there would exist a limit of (r γ(s) , θ γ(s) ) and hence the limit of γ(s) as s → ∞, contradicting the fact that γ has infinite length.
(1) the function (r log r)
Proof. Since m −2 is integrable, the function (r log r) If there is a sequence z i ∈ M m with r z i → ∞ and m(r z i ) → m(r q ), then there are points u i → q on µ q with m(r u i ) = m(r z i ). If γ u i is escaping, then it meets the parallel through z i , so Clairaut's relation implies that γ u i is tangent to the parallels through u i and z i , which cannot happen for an escaping geodesic.
Conversely, suppose there are u i → q such that γ i := γ u i is not escaping. Let R i be the radius of the smallest ball about o that contains γ i , and let P i be its boundary parallel. Note that R i → ∞ as γ i converges to γ q on compact sets and γ q is escaping, and hence lim inf Proof. The "only if" direction holds even when M m is not von Mangoldt by Example 3.7. Conversely, if γ is not a ray, then γ meets the cut locus of q , which by [Tan92b] is a subset of the opposite meridian
Lemma 3.13. If γ is a ray in a von Mangoldt plane, and if σ is a geodesic with σ(0) = γ(0) and κ γ(0) > κ σ(0) , then σ is a ray and T σ ≤ T γ .
Proof. Set q = γ(0). If κ γ(0) = π , then γ = τ q , so τ q is a ray, which in a von Mangoldt plane implies that q is a pole [SST03, Lemma 7.3.1], so that σ is also a ray. If κ γ(0) < π and σ is not a ray, then σ is minimizing until it crosses the opposite meridian τ q | (rq,∞) [Tan92b] . Near q the geodesic σ lies in the region of M m bounded by γ and µ q hence before crossing the opposite meridian σ must intersect γ or µ q , so they would not be rays. Finally, T σ ≤ T γ holds as σ lies in the sector between γ and µ q .
Lemma 3.14. If M m is von Mangoldt and q = o, then γ q is a ray if and only if q ∈ C m .
Proof. If γ q is a ray, then q ∈ C m by symmetry. If q ∈ C m , then either q is a pole and there is a ray in any direction, or q is not a pole. In the latter case τ q is not a ray [SST03, Lemma 7.3.1], hence by the definition of C m there is a ray γ with κ γ(0) ≥ π 2 , so γ q is a ray by Lemma 3.13.
Recall thatκ(r q ) is the maximum of the angles formed by µ q and rays emanating from q = o, and ξ q is the ray for which the maximum is attained. It is immediate from definitions that q ∈ C m if and only ifκ(r q ) ≥ π 2 . Lemmas 3.15, 3.16, 3.17 below were suggested by the referee. Proof. The segments [q, τ q (s)] subconverge to a ray σ that starts at q . Since ξ q is a ray, it cannot cross the opposite meridian τ q | (rq,∞) . As [q, τ q (s)] and ξ q are minimizing, they only intersect at q , and hence the angle formed by µ q and [q, τ q (s)] is ≥κ(r q ). It follows that κ σ(0) ≥κ(r q ), which must be an equality asκ(r q ) is a maximum, so σ = ξ q .
Lemma 3.17. The function r →κ(r) is left continuous and upper semicontinuous. In particular, the set {q :κ(r q ) < α} is open for every α.
Proof. Ifκ is not left continuous at r q , then there exists ε > 0 and a sequence of points q i on µ q such that r q i → r q − and eitherκ(r q i ) −κ(r q ) > ε or κ(r q ) −κ(r q i ) > ε. In the former case ξ q i subconverge to a ray that makes larger angle with µ q that ξ q , contradicting maximality ofκ(r q ). In the latter case, ξ q i intersects ξ q for some i. Therefore, by Lemma 3.16 the segment
is a cut point of z which cannot happen for a segment. This proves thatκ is left continuous. A similar argument shows that lim sup rq i →rq+κ (r q i ) ≤κ(r q ), so that κ is upper semicontinuous, which implies that {q :κ(r q ) < α} is open for every α.
Lemmas 3.12, 3.14 imply that on a von Mangoldt planeκ(r q ) ≥ π 2 if and only if T γq ≤ π ; the equivalence is sharpened in Theorem 3.24, whose proof occupies the rest of this section.
Lemma 3.18. If σ is escaping and
Proof. This formula for T σ is immediate from (3.6) once it is shown that σ| (0,∞) is not tangent to a meridian or a parallel. If σ| (0,∞) were tangent to a meridian, κ σ(0) would be 0 or π , which is not the case. Since σ is escaping, Fact 3.2 implies that σ is tangent to parallels at most once. If κ σ(0) = π 2 , then σ is tangent to the parallel through σ(0), and so σ| (0,∞) is not tangent to a parallel. Finally, if κ σ(0) < π To better understand the relationship betweenκ(r q ) and T γq , we study how T σ depends on σ , or equivalently on σ(0) and κ σ(0) , when σ varies in a neighborhood of a ray γ q .
Lemma 3.19. If G m ≥ 0 or G ′ m ≤ 0, then the function u → T γu is continuous at each point u where T γu is finite.
Proof. If T γu is finite, then γ u is escaping by Lemma 3.9, and hence T γu = ∞ ru F m(ru) by Lemma 3.18. We need to show that this integral depends continuously on r u .
By Lemma 3.3, Lemma 3.10, and the discussion preceding Example 3.7, the assumptions on G m and finiteness of T γu imply that m(r) > m(r u ) for r > r u , m −2 is integrable, m ′ (r u ) > 0, and m(∞) = ∞. Hence there exists δ > r u with m ′ | [ru,δ] > 0, and m(r) > m(δ) for r > δ ; it is clear that small changes in u do not affect δ . Proof. If κ σ(0) = π 2 , then σ = γ q , so it is tangent to a parallel only at q , as rays are escaping. If κ σ(0) > π 2 , then σ converges to γ q on compact subsets as ε → 0, so for a sufficiently small ε the geodesic σ crosses the parallel through q at some point σ(s) such that κ σ(s) < π 2 . Since γ q is a ray, rotational symmetry and Lemma 3.13 imply that σ| [s,∞) is a ray, so σ is escaping. Thus σ is tangent to a parallel at a point u where r σ(s) attains a minimum, and is not tangent to a parallel at any other point by Fact 3.2. Finally, r u = lim ε→0 r q , and since m ′ (r q ) > 0 by Proposition 1.8, we get m ′ > 0 on [r u , r q ] for small ε.
Under the assumptions of Lemma 3.20 the Clairaut constant c of σ equals m(r u ) = m(r q ) sin κ σ(0) , and the turn angle of σ is given by (3.21) Proof of Theorem 1.6. By Theorem 3.24 we know that q ∈ A m if and only if T γq < π , and by Lemma 3.19 the map u → T γu is continuous at q , so the set {u ∈ M m | T γu < π} is open, and hence so is A m .
Another proof of Theorem 1.6. Fix q ∈ A m so that T γq < π by Theorem 3.24. Fix ε > 0 such that ε + T γq < π . Let P q be the parallel through q . Then there is a ray γ with γ(0) = q and κ γ(0) > π For an arbitrary sequence q i → q we need to show that q i ∈ A m for all large i. Let γ i : [0, ∞) → M m be the geodesic with γ i (0) = q i and κ γ i (0) = κ γ(0)
Proof. The result is trivial when G is everywhere zero. Since γ u has finite turn angle, m −2 is integrable, and hence m is a concave function with m ′ > 0 and m(∞) = ∞ by Lemmas 3.10. Set x := r q , so that the turn angle of γ q is ∞ x F m(x) . As m ′ > 0, we can change variables by t := m(r)/m(x) or r = m −1 (tm(x)) so that
where l(t, x) := m ′ (r). Computing
we see that l(t, x) is non-increasing in x. Thus if r u < r v , then l(t, r u ) ≥ l(t, r v ) for all t implying T γu ≤ T γv . The equality occurs precisely when l(t, and its symmetric image under the reflection that fixes τ q ∪ µ q . As in the proof of Lemma 4.2 we see that the angle at τ q (s) goes to zero as s → ∞, so the sum of angles in the bigon tends to 2(π −κ(r q )), which by the Gauss-Bonnet theorem cannot exceed c(M m ) ≤ π . We conclude thatκ(r q ) ≥ π 2 , so q ∈ C m . Conversely, suppose that C m = M m . Given ε > 0 find a compact rotationally symmetric subset K ⊂ M m with c(K) > c(M m )−ε. Fix q = o and consider the rays ξ µq(s) as s → ∞. If all these rays intersect K , then they subconverge to a line [SST03, Lemma 6.1.1], so by the splitting theorem M m is the standard R 2 , and c(M m ) = 0 < π . Thus we can assume that there is v on the ray µ q such that ξ v is disjoint from K . Therefore, if s is large enough, then K lies inside the bigon bounded by [v, τ v (s)] and its symmetric image under the reflection that fixes τ q ∪ µ q . The sum of angles in the bigon tends to 2(π −κ(r v )), and by the Gauss-Bonnet theorem it is bounded below by c(K). Since v ∈ C m , we haveκ(r v ) ≥ π 2 , and hence c(K) ≤ π . Thus c(M m ) < π + ε, and since ε is arbitrary, we get c(M m ) ≤ π , which completes the proof of (iii). 
Since M m is von Mangoldt, v / ∈ C m by Lemma 3.14. In summary, if
(v) Since R m is positive and finite, and M m is von Mangoldt, there are geodesics tangent to parallels whose turn angles are ≤ π , and > π , respectively. By Proposition 4.1 the turn angle is monotone with respect to r , so let r q be the (finite) supremum of all x such that ∞ x F m(x) < π . Since C m is closed, q ∈ C m so that T γq ≤ π . In fact, T γq = π for if T γq < π , then r q is not maximal because by Theorems 1.6 and 3.24 the set of points q with In preparation for a proof of Theorem 1.7 we recall that the Cheeger-Gromoll soul construction with basepoint q , described e.g. in [Sak96, Theorem V.3.4], starts by deleting the horoballs associated with all rays emanating from q , which results in a compact totally convex subset. The next step is to consider the points of this subset which are at maximal distance from its boundary, and these points in turn form a compact totally convex subset, and after finitely many iterations the process terminates in a subset with empty boundary, called a soul. As we shall see below, if G m ≥ 0, then the soul construction with basepoint q ∈ C m \ {o} takes no more than two steps; more precisely, deleting the horoballs for rays emanating from q results either in {q} or in a segment with q as an endpoint. In the latter case the soul is the midpoint of the segment.
In what follows we let B σ denote the (open) horoball for a ray σ with σ(0) = q , i.e. the union over t ∈ [0, ∞) of the metric balls of radius t centered at σ(t). Let H σ denote the complement of B σ in the ambient complete Riemannian manifold.
Lemma 4.4. Let σ be a ray in a complete Riemannian manifold M , and let q = σ(0). Then for any nonzero v ∈ T q M that makes an acute angle with σ , the point exp q (tv) lies in the horoball B σ for all small t > 0.
Proof. This follows from the definition of a horoball for if Υ denotes the image
a subsegment of Υ -{q} that approaches q .
Proof of Theorem 1.7. For q ∈ C m , let C q denote the complement in M m of the union of the horoballs for rays that start at q ; note that C q is compact and totally convex. If C q equals {q}, then q is a soul. Otherwise, C q has positive dimension and q ∈ ∂C q . Set γ := ξ q ; thus γ is a ray.
Case 1. Suppose π 2 <κ(r q ) < π . Letγ be the clockwise ray that is mapped to γ by the isometry fixing the meridian through q . We next show that q is the intersection of the complements of the horoballs for rays µ q , γ ,γ , implying that q is a soul for the soul construction that starts at q . As κ γ(0) > π 2 , any nonzero v ∈ T q M m forms angle < π 2 with one of µ ′ (0), γ ′ (0),γ ′ (0), so exp q (tv) cannot lie in the intersection of H µq , H γ , Hγ for small t, and since the intersection is totally convex, it is {q}.
Case 2. Supposeκ(r q ) = π 2 , so that γ = γ q , and suppose that G m does not vanish along γ . By symmetry and Lemma 4.4, it suffices to show that every point of the segment [o, q) near q lies in B γ . Let α be the ray from o passing through q . The geodesic γ is orthogonal to α, and it suffices to show that there is a focal point of α along γ for if γ(t 0 ) is the first focal point, and t > t 0 is close to t 0 , then there is a variation of γ| [0,t] through curves shorter than γ| [0,t] that join γ(t) to points of α − {q} near q [Sak96, Lemma III.2.11] so these points lie in B(γ(t), t) ⊂ B γ .
Any α-Jacobi field along γ is of the form jn where n is a parallel nonzero normal vector field along γ and j solves j ′′ (t) + G m (r γ(t) )j(t) = 0, j(0) = 1, j ′ (0) = 0. Since G m ≥ 0, the function j is concave, so due to its initial values, j must vanish unless it is constant. The point where j vanishes is focal. If j is constant, then G m = 0 along γ , which is ruled out by assumption.
Case 3. Supposeκ(r q ) = π , i.e. γ = τ q . For any vector v ∈ T q M m pointing inside C q , for small t the point exp q (tv) is not in the horoballs for µ q and τ q , and hence v is tangent to a parallel, i.e. C q is a subsegment of the geodesic α tangent to the parallel through q . As C q lies outside the horoballs for µ q and τ q , these rays there cannot contain focal points of α, implying that G m vanishes along µ q and τ q , and hence everywhere, by rotational symmetry, so that M m is the standard R 2 , and q is a soul.
Case 4. Supposeκ(r q
where x := r q . Since γ is a ray, we deduce that a ≥ 1 2 . Let z ≤ x be the smallest number such that m ′ | [z,∞) = a; thus there is no neighborhood of z in (0, ∞) on which G m is identically zero.
where C is the cone with apexō such that cutting C along the meridian fromō gives a sector in R 2 of angle 2πa with the portion inside the radius
Since γ q is a ray, Lemma 4.4 implies the existence of a neighborhood U q of q such that each point in U p -[o, q] lies in a horoball for a ray from q .
We now check that o lies in the horoball of γ q . Concavity of m implies that the graph of m lies below its tangent line at z , so evaluating the tangent line at r = 0 and using m(0) = 0 gives m(z) a > z . The Pythagorean theorem in the sector in R 2 of angle 2πa implies that
which is < s for large s, implying that o is in the horoball of γ q .
To realize q as a soul, we need to look at the soul construction with arbitrary basepoint v , which starts by considering the complement in M m of the union of the horoballs for all rays from v , which by the above is either v or a seg-
, where u is uniquely determined by v . It will be convenient to allow for degenerate segments for which u = v ; with this convention the soul is the midpoint of [u, v] . Since z is the smallest such that G m | [z,∞) = 0, the focal point argument of Case 2 shows that u = v when 0 < r v < z . Set y := r v , and let e(y) := r u ; note that 0 < e(y) ≤ y , and the midpoint of [u, v] has r -coordinate h(y) := y+e(y) 2 .
To realize each point of M m as a soul, it suffices to show that each positive number is in the image of h. Since h approaches zero as y → 0 and approaches infinity as y → ∞, it is enough to show that h is continuous and then apply the intermediate value theorem.
Since e(y) = y when 0 < y < z , we only need to verify continuity of e when y ≥ z . Let v i be an arbitrary sequence of points on α converging to v , where as before α is the ray from o passing through q . Set v i := r v i . Arguing by contradiction suppose that e(y i ) does not converge to e(y). Since 0 < e(y i ) ≤ y i and y i → y , we may pass to a subsequence such that e(y i ) → e ∞ ∈ [0, y]. Pick any w such that r w lies between e ∞ and e(y). Thus there is i 0 such that either e(y i ) < r w < e(y) for all i > i 0 , or e(y) < r w < e(y i ) for all i > i 0 . As y ≥ z , we know that G m vanishes along γ v , so every α-Jacobi field along γ v is constant. Therefore, the rays γ Remark 4.6. In Cases 1, 2, 3 the soul construction terminates in one step, namely, if q ∈ C m , then {q} is the result of removing the horoballs for all rays that start at q . We do not know whether the same is true in Case 4 because the basepoint v needed to produce the soul q is found implicitly, via an intermediate value theorem, and it is unclear how v depends on q , and whether v = q . . If M m is von Mangoldt, then no point q with r q ≥ z is a pole because by (4.5) the turn angle of γ q is π , which by Theorem 3.24 cannot happen for a pole.
Smoothed cones made von Mangoldt
Proof of Theorem 1.11. It is of course easy to find a von Mangoldt plane g mx that has zero curvature near infinity, but prescribing the slope of m ′ there takes more effort. We exclude the trivial case x = 1 in which m(r) = r works. So for all small u we have m ′ u (t ε ) < ε and also t ε < z u . Since m ′ u decreases on (0, z u ), we conclude that 0
On the other hand, m ′ 
. Letting u of the previous paragraph to be v 1 , v 2 , we find ε such that
, so by the intermediate value theorem there is u with m ′ u,ε (z u + ε) = x. Then the metric g mu,ε has the asserted properties for ρ = z u + ε.
Other applications
Proof of Lemma 1.1. Assumingr(q) / ∈ r(C m ) we will show thatq is not a critical point ofr . SinceM is complete and noncompact, there is a rayγ emanating fromq . Consider the comparison triangle ∆(o, q, q i ) in M m for any geodesic triangle with verticesô,q ,γ(i). Passing to a subsequence, arrange so that the segments [q, q i ] subconverge to a ray, which we denote by γ . Since q / ∈ C m , the angle formed by γ and [q, o] is > Proof of Theorem 1.9. By assumption there is a point of negative curvature, and since the curvature is non-increasing, outside a compact subset the curvature is bounded above by a negative constant. As lim inf If m ′ (r p ) = 0, then the parallel through p is a geodesic but not a ray, so Lemma 3.14 implies that no point on the parallel through p is in C m . Since C m contains o and all points outside a compact set, C m is not connected; the same argument proves that A m is not connected. Example 6.2. Here we construct a von Mangoldt plane such that m ′ > 0 everywhere but A m and C m are not connected. Let M n be a von Mangoldt plane such that G n ≥ 0 and n ′ > 0 everywhere, and R n is finite (where R n is the radius of the ball C n ). This happens e.g. for any paraboloid, any twosheeted hyperboloid with n ′ (∞) < 1 2 , or any plane constructed in Theorem 1.11 with n ′ (∞) < 1 2 . Fix q / ∈ C n . Then γ q has turn angle > π , so there is R > r q such that Step 2 establishes continuity of T at c q . In Steps 3-4 we prove continuous differentiability and compute the derivatives of the integrals Step 1. The integrand F c is smooth over (r u , ∞), because the assumptions on m imply that m(r) > c for r > r u .
Since 0 < c ≤ c q we have F c ≤ F cq = cq m √ m 2 −c 2 q which is integrable on (r q , ∞).
Indeed, fix δ > r q and note that since m −2 is integrable on (δ, ∞), so is F cq . To prove integrability of F cq on (r q , δ), note that h(r) := m(r)−m(rq ) r−rq is positive on [r q , ∞), as h(r q ) = m ′ (r q ) > 0 and m(r) > m(r q ) for r > r q . Then F cq is the product of (r − r q ) −1/2 and a function that is smooth on [r q , δ], and hence F cq is integrable on (r q , δ). 
Thus the integrals

